Density functional theory maps an interacting Hamiltonian onto the Kohn-Sham Hamiltonian, an explicitly free model with identical local fermion densities. Using the interaction distance, the minimum distance between the ground state of the interacting system and a generic free fermion state, we quantify the applicability and limitations of the Kohn-Sham model in capturing all properties of the interacting system. As a byproduct, this distance determines the optimal free state that reproduces the entanglement properties of the interacting system as faithfully as possible. When applied to the Fermi-Hubbard model we demonstrate that in the thermodynamic limit, rather surprisingly, the optimal free state provides an asymptotically exact representation of the ground state for all values of interaction coupling. The proposal of an optimal entanglement model, as the parent Hamiltonian of the optimal free state, opens up the exciting possibility of extending the systematic applicability of auxiliary free models into the non-perturbative, strongly-correlated regimes.
Undoubtably, interactions give rise to a wide range of quantum phases of matter with intriguing and exotic properties, ranging from many-body localisation [1] to the fractional quantum Hall effect [2] . Nevertheless, the theoretical investigation of interacting systems is often formidable due to their complexity [3] [4] [5] . A possible approach in studying interacting systems is to approximate them by free models that offer a simpler and intuitive description. To this aim, physicists, chemists and material scientists alike often use Density Functional Theory (DFT) [6] [7] [8] [9] . In its basic formulation, DFT uniquely maps a many-body system to an auxiliary noninteracting one, known as the Kohn-Sham (KS) model [10] , which has the same ground state fermion density as the interacting system. While it is known to fail in the strong correlation limit, the KS model has been used to estimate many-body properties other than the fermion density, such as band-structure calculations [9, 11] , quantum work [12] , and entanglement [13] . However, it is not known how optimal the KS model is within the set of all possible free fermion theories.
To quantify the applicability of the KS model we employ the concept of interaction distance, D F [14] . This distance measures how far the ground state of a given system is from the manifold of all free fermion states in terms of their quantum correlations [14] [15] [16] . The interaction distance also identifies the optimal free state, a state with entanglement properties as close as possible to the interacting system. We demonstrate that, in the perturbative (weak-interaction) regime, if D F ≈ 0 then the KS ground state is close to the optimal free state, with an error in determining any observable of the interacting system bounded by D F . We also show that, away from the perturbative regime the reliability of the KS model as an approximation can fail even if D F ≈ 0. Indeed, interactions may "freeze" some fermionic degrees of freedom used to build the KS model. To describe the interacting model as faithfully as possible in all coupling regimes we introduce the "optimal entanglement model", with a Hamiltonian that has the optimal free state as its ground state. This alternative to the KS model reproduces all the properties of the interacting system, even in the strong-correlation regime, with an error bounded by D F .
To exemplify this approach we employ the FermiHubbard model. By determining its interaction distance we quantify the regimes where the KS and the optimal entanglement models are good approximations to the interacting system and where they fail. Moreover, we numerically demonstrate that at half-filling, and by appropriately approaching the thermodynamic limit, the interaction distance tends to zero for any values of the interaction coupling. Hence, the optimal entanglement model can faithfully reproduce all properties of the Fermi-Hubbard model for all coupling regimes.
Kohn-Sham and Optimal Entanglement Models. Let us consider a HamiltonianĤ =K +V +Ŵ on a lattice, built from a kinetic energy operatorK, a local potential operatorV = L j v jnj , wheren j is the site-occupation operator, and a particle-particle interaction operatorŴ . At the core of lattice-DFT are the one-to-one correspondences between the ground state wave function |ψ , the corresponding ground state density n j for j = 1, . . . , L, and the local potential [17] of an L-site many-body system [11] . With the ansatz of n and v-representability, these correspondences imply that there exists a unique non-interacting model, the so called Kohn-Sham model [10] , which is subject to the same kinetic operator and having the same ground-state density as the original N -particle interacting system. Through this model, the density, and then in principle all other physical many-body properties [9] , can be obtained. The KS Hamiltonian is given byĤ KS =K +V KS , where the potentialV KS is a combination of the original onebody potential,V , the Hartree potential, representing the classical electrostatic interaction, and the exchangecorrelation potential. The latter contains contributions from the many-body interactions of the original system. Apart from relatively simple systems, determining the KS model requires approximations [9] . Nevertheless, it is a significantly simpler task than solving the interacting system.
Let us now consider the entanglement properties of the interacting system. For a given bipartition into a region A and the complement B of its ground state |ψ we define the interaction distance [14] of the reduced density matrix ρ int = tr B |ψ ψ| as
where
2 is the trace distance metric between the reduced density matrices ρ int and ρ free , and the minimisation is over the whole set F of possible Gaussian states ρ free . This distance measures how distinguishable a fermionic state is from being free in terms of its ground state correlations across a bipartition. It is often amenable to analytical calculations [16] and it can be numerically evaluated efficiently for 1D interacting systems with DMRG methods [14, 15] . We denote by ρ opt the optimal free density matrix that minimises the trace distance D tr (ρ int , ρ free ), and thus reproduces the entanglement properties of ρ int as faithfully as possible. Its parent Hamiltonian is generally unknown and may offer complementary information to the KS Hamiltonian that optimises over the local fermion densities.
The trace distance is the maximum trace over all positive operator valued measures [18] . Hence, for any observable O the interaction distance bounds the difference between the expectation value of any observable with respect to ρ int and ρ opt , i.e.
where C O is a constant that depends only on the operator O (see Appendices). Let us apply this inequality to the local density of fermions, O =n j . For a state with reduced density matrix ρ at site j we definen j,ρ = tr(ρn j ). The 'natural' metric [19] , between ρ int and ρ opt , on the metric space of local densities over all sites is given by D n (ρ int , ρ opt ) = j n j,ρ int −n j,ρ opt . As the reduced density matrix ρ KS of the KS model gives the same local fermion densities as the interacting model we also have
where C = j C nj . Hence, the interaction distance bounds the density distance between the KS and optimal free state. This bound implies that for D F ≈ 0, 
z r e / V W 9 4 Z R x V N A J O k U X y E P X q I H u U B O 1 E E U T 9 I x e 0 Z t V W C / W u / W x a F 2 z y p l j 9 A f W 5 w / I s J T Z < / l a t e x i t > e.g. in the perturbative regime, the optimal free state has fermion densities that are very close to the densities of the KS ground state. We now investigate when the KS model reproduces also the entanglement properties of the optimal free model. Assume that the density matrices are a continuous functional of the fermion densities, e.g. when the system is in the perturbative regime with no phase transition caused by the interactions. For small D n (ρ KS , ρ opt ) we can show that D tr (ρ KS , ρ opt ) ≤ cD F , for some constant c (see Appendices). Therefore, when the interaction distance is small then ρ opt and ρ KS are nearly overlapping and exhibit very similar entanglement properties. Hence, in the perturbative regime for D F ≈ 0 the KS model offers a way to constructively obtain the optimal entanglement model.
Let us now employ the triangle inequality of the trace distance metric between the interacting, ρ int , the optimal free, ρ opt , and the KS, ρ KS , reduced density matrices, as shown in Fig. 1 
Hence, in the perturbative regime when D F ≈ 0 the KS model faithfully reproduces all the properties of the in-teracting system, while a non-zero D F bounds the errors in determining the entanglement properties of the interacting model. Away from the perturbative regime it is possible that bound (4) fails, by having ρ KS far from ρ int even if D F ≈ 0, as shown in Fig. 1 . Nevertheless, ρ opt would still provide a faithful description of ρ int . The parent Hamiltonian of the optimal free state can be used to define a suitable auxiliary free model that identifies the effective degrees of freedom of the interacting model for all coupling regimes. When D F ≈ 0 such an auxiliary model not only faithfully reproduces the entanglement properties of the interacting model but, due to Eq. (2), it can also estimate all of its observables, such as the local fermion densities. This 'optimal entanglement' model generalises the KS model that can fail to reproduce the entanglement properties even even if D F ≈ 0. In fact, strong interactions may not only change the effective local fermion potential,V , but also the kinetic term,K. To build this auxiliary model one first needs to identify the effective fermionic degrees of freedom that correspond to the quantum correlations of the model. If D F ≈ 0 for strong interactions then the number of fermionic degrees of freedom of the emerging free theory can be either the same or smaller than the initial theory without the interaction term: interactions could freeze some of the initial fermionic degrees of freedom but they cannot increase their number. To exemplify this procedure we apply it next to the Fermi-Hubbard model at half-filling.
The Fermi-Hubbard Model. The 1D Hubbard model [20] has successfully reproduced a number of physical phenomena, including interaction-driven quantum phase transitions [21] . In some limits it has exact solutions [22, 23] and has been studied via many numerical techniques including DFT [11] . It comprises spin- 
wheren j,σ = c † j,σ c j,σ is the number operator, J is the tunnelling strength, U is the on-site particle-particle interaction strength, and ν j is the site-dependent potential. For repulsive interactions, U > 0, the model in the thermodynamic limit has two phases: for small U (perturbative regime) it is described by the Luttinger liquid phase, where local fermion densities are free to change, and the large U limit is described by the Mott-insulator phase, where local densities are frozen by Coulomb repulsion [21] . Hence, it is an ideal system to demonstrate the applicability of the optimal entanglement model.
For the discussion to remain general, we probe the behaviour of the Hubbard model in the thermodynamic limit and perform a size scaling analysis of the interaction distance [24] . The ansatz used is
, where L is the system size, U c a critical value of U , f is a smooth function, and ζ, ν are the critical exponents [14] . We consider system sizes of the form L = 4k + 2, k = 0, 1, 2, ... at half filling, where the system has a unique ground state with a symmetric Fermi sea [25] . In Fig. 2 we show both the unscaled value of the interaction distance and the scaling collapse for chains of length L = 2, 6, and 10. The obtained critical exponents are ν ≈ 2.573, ζ ≈ 0.243, and U c ≈ 0.215. Even for these relatively small system sizes the correlation length exponent is consistent with the known CFT result ν = 2.5 [26] . As ζ > 0 the interaction distance decreases with system size, taking the value zero in the thermodynamic limit for all values of U . Hence, the interacting model has ground state correlations, and thus a low energy description [27] , that can be faithfully represented by free fermions for any value of U . This generalises the known result that the Fermi-Hubbard model is free for large couplings U [21] .
It is possible to construct an auxiliary free model with ground state correlations that converge polynomially fast, with system size, to the correlations of the interacting model in the insulating phase [28, 29] . The L → ∞ parent Hamiltonian may be constructed from noninteracting spinless fermions with both nearest neighbour and next-nearest neighbour hopping terms [28, 29] :
The coupling J could be used as a fitting parameter to optimise the behaviour ofĤ TD aux . For simplicity we take here J = 1. In Fig. 3, D ofĤ TD aux at half-filling. For each value of U the distance scales polynomially with system size due to finite size effects. However, it is clear that in the limit L → ∞, D tr ρ int , ρ aux → 0 for any choice of U . Hence, even ifĤ TD aux is not optimally constructed, its ground state, ρ aux , efficiently describes the entanglement properties of the interacting system in the thermodynamic limit.
To study in detail the efficiency of the KS and the optimal entanglement models in representing the interacting ground state, we focus on the half-filled Hubbard dimer (L = 2). At this size interactions are expected to have a dominant effect as the dimer corresponds to the situation farthest away from the thermodynamic limit, where D F → 0. For this system size the KS model can be numerically determined exactly. There also exists exact solutions for the optimal free state of a four level system, see Appendices, that can be employed here. Moreover, we can analytically determine the optimal entanglement model, that reproduces exactly the entanglement spectrum of the optimal free state in the insulating phase. Focused on this regime where the KS model is known to fail, we have that the optimal auxiliary Hamiltonian is given bŷ
The chemical potential, µ, can be obtained explicitly, giving the simple form µ ≈ JU when U is large (see Appendices).
The behaviour of the corresponding ground state reduced density matrices ρ int , ρ KS , ρ opt , and ρ aux , are given in Fig. 4 . Note that D F ≈ 0 for all values of U away from the critical region. Surprisingly, the KS ground state closely approximates the optimal free state opt , KS, ρ KS , and auxiliary, ρ aux , reduced density matrices, as a function of the interaction coupling U , for L = 2, J = 1, total spin Sz = 0, and ν1 − ν2 = 0.5. In the perturbative limit the KS is a good approximation to the optimal entanglement model which describes spin-1/2 free fermions. In the large U limit the KS model fails, while both the optimal and auxiliary states that describe spinless free fermions, provide faithful representations of the local densities (Middle) and the entanglement entropy (Bottom) of the interacting system. For large U the entanglement entropy of the KS model tends to S = ln 4 corresponding to the maximally entangled state |ψ = (|↑↓, 0 + |↑, ↓ + |↓, ↑ + |0, ↑↓ )/2 while the interacting, optimal and auxiliary systems tend to S ≈ ln 2 that correspond to |ψ = (|↑, ↓ +|↓, ↑ )/ √ 2, signalling the freezing of double occupations due to interactions. not only in the perturbative, but also in the intermediate coupling regime, U ∼ |J|, |ν j |, up to the phase transition region. Here the trace distance between all pairs of states is small, so the KS is both exact in fermion density and also reproduces the ground state correlations of the optimal model accurately. In the strong coupling regime, U |J|, |ν j |, the KS model fails to reproduce the correlation properties of the interacting model, as it still describes correlations between spinful free fermions. This is in contrast to the optimal free model that, in that regime, is described by spinless free fermions. These degrees of freedom faithfully capture the quantum correlations of the interacting model, as shown in Fig. 4 (Bottom) . Nevertheless, they only approximate its local densities, as shown in Fig. 4 (Middle), with an error that is bounded by the value of D F , as dictated by Eq. (3). The local densities identify the change of the degrees of freedom from one optimal model to the other via the observed kink.
From the properties of the optimal free state we see that the effect of the strong interactions is to freeze the local fermion populations to n j = 1 as an eigenvalue of the local density operator. This can be witnessed by the behaviour of the entanglement entropy, S. In Fig. 4 we observe that the KS model saturates to the value S = ln 4 due to both spin and population fluctuations. In contrast, the interacting model has entanglement entropy that tends to S = ln 2 as U → ∞, due to only spin correlations. As the interaction distance is approaching zero for large U , then the optimal free model with Hamiltonian (7) faithfully reproduces both the local densities as well as the correlation properties of the interacting system, as shown in Fig. 4 . Hence, unlike the KS model, it provides a faithful representation of the interacting theory.
To schematically present why the optimal free model succeeds in faithfully representing the interacting system for large U , while the KS model fails, we refer to the schematic in Fig. 1 . From the above analysis of the dimer model we observe that interactions have the effect of moving the optimal free state from describing free spinful fermions (manifold F) towards the description of free spinless fermions (manifold F ). Due to the fixed form of the kinetic term of the KS Hamiltonian, its corresponding reduced density matrix will always live in F. By choosing the auxiliary model to optimise over entanglement, its degrees of freedom can change from F to F that better describes the interacting system at large couplings U . Thus, the optimal free model is able to reproduce all the properties of the interacting system for all U , with an error that is bounded by D F .
Conclusions. With the help of the interaction distance, D F , we are able to identify the free model that approximates the interacting system by optimising over the corresponding entanglement properties. We demonstrate that when the interaction distance is small then the optimal entanglement model reproduces all observables of the interacting system with accuracy bounded by D F . As such, it provides an accurate modelling of the low energy behaviour of the system [14, 27] . The KS model, on the other hand, finds local densities exactly for all strengths of interactions, but can dramatically fail to obtain entanglement features even when the interaction distance is small. Motivated by these results we envisage that a method inspired by DFT, where the optimisation of the free model is performed with respect to entanglement properties rather than local densities, can faithfully approximate strongly interacting systems.
To exemplify the diagnostic power of the interaction distance, we considered the Fermi-Hubbard model. We numerically demonstrated the surprising result that this model at half-filling can be represented exactly in the thermodynamic limit (L = 4k + 2 → ∞) by free fermions for any value of its interaction coupling U . This generalises the well known result that the Hubbard model is free in the large U limit for any system size [21] .
Consider the expectation value of an observable O for two density matrices ρ and σ given by O ρ = tr [Oρ] and O σ = tr [Oσ] , respectively. To compare these expectation values we define their difference by the metric
where the final equality explicitly contains the definition of the interaction distance when σ = ρ opt . Therefore, when ρ = ρ int and σ = ρ opt the difference in expectation values are bounded by the interaction distance, i.e.
with
The result in Eq. (A6) can be applied directly to the definition of the natural metric given in the main text. Let O =n j that is the local fermion density at site j within the subspace of the reduced density matrix. To arrive at the definition of the natural metric we must sum over all sites. Then, Eq. (A6) becomes
The left hand side of this equality is the definition of the natural metric and the right hand side consists of a constant C = j C j multiplied by the interaction distance.
The bound reduces to
Due to the key property of the Kohn-Sham model, that n j ρ int = n j ρ KS , the bound may be cast in terms of the optimal and Kohn-Sham ground states
Therefore, when D F ≈ 0 the optimal free state shares the same local fermion densities as the interacting and Kohn-Sham ground states. optimal entanglement mode at half-filling, against interaction strength of the interacting model, U . In the strong interaction regime we find µ ≈ JU to a very good approximation.
It can be easily seen that µ = µ(J, ν j , U ) as the optimal free entanglement levels are functions of the couplings of the interacting model. Further, as seen in Fig. 5 , we observe a linear behaviour µ ≈ JU within the insulating phase.
Appendix E: Exact optimal free state for a four level system
By careful consideration of the interaction distance, we may obtain a full analytical solution for the optimal free state entanglement levels, and for D F itself, for a four level system, ρ int . A system of N single-particle entanglement levels, { j }, has a 2 N ×2 N -dimensional entanglement Hamiltonian,Ĥ f E , with 2 N levels in the many-body entanglement spectrum, {E j }. Therefore, a free spectrum with four many-body levels has two single-particle levels, 1 and 2 , that build the full spectrum. It is convenient to work with probability densities, ρ opt = e −Ĥ f E , allowing the single-particle energies to be defined as: b 1 and b 2 . The free many-body spectrum can then be built in the following way: To ensure the spectrum is normalised these levels are subject to j ρ 
